We consider the application of twistor theory to five-dimensional anti-de Sitter space. The twistor space of AdS 5 is the same as the ambitwistor space of the fourdimensional conformal boundary; the geometry of this correspondence is reviewed for both the bulk and boundary. A Penrose transform allows us to describe free bulk fields, with or without mass, in terms of data on twistor space. Explicit representatives for the bulkto-boundary propagators of scalars and spinors are constructed, along with twistor action functionals for the free theories. Evaluating these twistor actions on bulk-to-boundary propagators is shown to produce the correct two-point functions.
Introduction
In recent years, twistors have played an important role in studying scattering amplitudes of four-dimensional gauge and gravitational theories. The fundamental tool underlying these investigations is the (linear) Penrose transform [1, 2] . This asserts that solutions to massless, free field equations on four-dimensional Minkowski space-time may be described in terms of essentially arbitrary holomorphic functions on twistor space, with the homogeneity of the function determining the helicity of the space-time field. The asymptotic states in scattering processes are taken to obey such free field equations, so twistors are a natural language in which to construct amplitudes.
Twistors also provide a natural arena in which to study four-dimensional CFTs. This is because twistor space carries a natural action of SL(4,C), the (four-fold cover of the) complexification of the space-time conformal group. Here, twistors are closely related to the 'embedding space' formalism used in e.g. [3] [4] [5] [6] [7] [8] [9] and are particularly useful when considering operators with non-integer spin [10, 11] . In the context of N = 4 SYM, twistor methods have been applied to correlation functions of local gauge invariant operators in e.g. [12] [13] [14] [15] [16] .
By the AdS/CFT correspondence, many four-dimensional CFTs have a dual description as a theory of gravity in five-dimensional anti-de Sitter space [17] [18] [19] . Given the utility of twistor theory on the boundary side of this correspondence, is natural to ask if it can also be applied in the bulk.
In this paper, we begin an investigation of the role of twistors in AdS 5 , following earlier mathematical work in [20] . After briefly reviewing various descriptions of AdS and its complexification, in section 2 we describe its twistor space and the corresponding incidence relations. Remarkably, the twistor space of AdS 5 turns out to be the same as the ambitwistor space of the boundary space-time. We explore and elucidate this construction in detail. In section 3 we consider the Penrose transform for free fields on AdS 5 . Unlike in flat space-time, we show that it is straightforward to describe fields with non-zero mass as well as non-zero spin. From the point of view of AdS/CFT, the most important free fields are bulk-to-boundary propagators and we provide explicit twistor descriptions of these in section 4, concentrating on spin-0 and spin-1 2 . We also construct simple twistor actions for these fields and verify that, when evaluated on bulk-to-boundary propagators, they reproduce the expected form for 2-point correlation functions of boundary operators of the expected conformal weights and spins. We hope that these results will provide a useful starting-point for a twistor reformulation of Witten diagrams.
Geometry
The geometry of anti-de Sitter space (or hyperbolic space) is an old and well-studied topic. For the purposes of describing twistor theory in the context of five-dimensional AdS, a particular description of hyperbolic geometry in terms of an open subset of projective space will prove useful. While this description is standard, it is not often utilized in the physics literature so we begin with a brief review of AdS 5 geometry from a projective point of view. The twistor space of AdS 5 and various aspects of its geometry are then discussed.
AdS 5 geometry from projective space
Consider the five-dimensional complex projective space CP 5 , charted by homogeneous coordinates encoded in a skew symmetric 4 × 4 matrix X AB = X [AB] with the identification X ∼ λX for any λ ∈ C * . For a (holomorphic) metric written in terms of these homogeneous coordinates to be well-defined on CP 5 it must be invariant with respect to the scaling X → λX and have no components along this scaling direction (i.e., the metric must not 'point off' CP 5 into C 6 ). The simplest metric satisfying these conditions is
where skew pairs of indices are contracted with the Levi-Civita symbol, ABCD . This line element is obviously scale invariant, and furthermore has no components in the scale direction. The latter fact follows since the contraction of (2.1) with the Euler vector field Υ = X · ∂ ∂X vanishes. Although this metric is projective (in the sense that it lives on CP 5 rather than C 6 ), it is not global: (2.1) becomes singular on the quadric
So (2.1) gives a well-defined metric on the open subset CP 5 \ M . It is a fact that CP 5 \ M equipped with this metric is equivalent to complexified AdS 5 , with the quadric M corresponding to the four-dimensional conformal boundary. Real AdS 5 , along with a choice of signature (Lorentzian or Euclidean, for instance) is specified by restricting the metric to a particular real slice of CP 5 -or equivalently, imposing some reality conditions on X AB .
We will be explicit about these reality conditions below. To see that (2.1) really describes AdS 5 , it suffices to show that it is equivalent to other well-known models of hyperbolic geometry. It is straightforward to see that the metric can be rewritten as
where X AB := X AB /|X| with |X| := √ X 2 . The coordinates X AB are invariant under scalings of X AB , so they give coordinates on C 6 obeying X 2 = 1. Since (2.2) is just the flat metric on C 6 , the original metric on CP 5 \ M describes a geometry equivalent to the quadric X 2 = 1 in C 6 . With an appropriate choice of reality conditions, this is the well-known model of AdS 5 as the hyperboloid in R 6 .
To obtain the conformal compactification of AdS 5 , one includes a conformal boundary isometric to the one-point compactification of 4-dimensional complexified flat space; with appropriate reality conditions this is topologically S 4 . We wish to identify this boundary with the quadric M ⊂ CP 5 on which (2.1) becomes singular. A point X ∈ M satisfies X 2 = 0 and hence det X = 0. Since X AB is antisymmetric, non-zero and degenerate, it must have rank 2 and so can be written as the skew of two 4-vectors,
However, X is projectively invariant under the (separate) transformations
for α, β ∈ C, γ, δ ∈ C * . Performing a sequence of these transformations allows us to assume that C and D take the form
where some of a, b, c and d may be infinite, and after which there is no remaining freedom. Thus, the general form of a boundary point is
where α,α, . . . are dotted and un-dotted two component SL(2, C) spinors. The four components of x αα encode the four degrees of freedom in (2.4). Including the point 'at infinity,' represented by the infinity twistor gives the one-point compactification of four-dimensional flat space, with x αβ serving as the usual spinor helicity coordinates. Thus, M = {X 2 = 0} is identified with the S 4 conformal boundary of AdS 5 . The relationship between four-dimensional space-time and simple points in CP 5 is well-established, having appeared in various places in a variety of different guises (e.g., [3, 4, 21] ).
It is straightforward to obtain other well-known models of AdS 5 from the projective one. For example, the Klein model of hyperbolic space is obtained by simply writing the metric (2.1) using inhomogeneous coordinates on a patch where one of the X AB is nonvanishing. One of the models of AdS used most widely in physical applications is the Poincaré model; in Euclidean signature these are global coordinates, and the metric takes the form:
with the conformal boundary corresponding to the region where r → 0. To obtain Poincaré coordinates from the projective model, it suffices to choose a parametrization for X AB in terms of a variable boundary point, P AB , of the form (2.5) and some fixed boundary point. It is convenient to let this fixed boundary point be precisely the infinity twistor (2.6), and write:
As r → 0, we approach a boundary point P , but as r → ∞ with P constant, we approach the fixed infinity twistor. Surfaces of constant r > 0 correspond to spheres in the bulk of AdS 5 which touch the boundary only at I. As r → 0 this sphere approaches the whole boundary, but as r → ∞ it shrinks to the single point I. Note that X 2 = r 2 , so r controls the distance from the conformal boundary. Plugging the parametrization (2.8) into (2.1) leads directly to the Poincaré metric (2.7) after a rescaling of the boundary coordinates x αα by an overall factor of two. This Poincaré parametrization will prove useful later when we want to check that certain expressions derived from twistor methods correspond to well-known formulae on space-time.
Let us conclude our review of AdS 5 geometry with a brief discussion of the reality conditions which can be imposed on the X AB to obtain a real space-time with explicit signature. This is best understood by viewing the metric in terms of the scale-free X AB , constrained to be X 2 = 1, as in (2.2). On C 6 , there are two representations of chiral spinors with four components; these are dual to each other, and the bundles of such spinors are denoted by S A , S A respectively. The coordinates X AB live in the anti-symmetric square of the first of these:
Reality conditions on the X AB -and hence the homogeneous coordinates X ABcorrespond to a reality structure on these spinor bundles [22, 23] . Introduce a quaternionic conjugation acting on Z A ∈ S A by
which squares to minus the identity:Ẑ A = −Z A . Clearly, there are no real spinors under the· -operation, but this conjugation does act involutively on X AB . Restricting to the real sliceX AB = X AB inside C 6 turns (2.2) into the flat metric on R 1,5 . This, along with the condition that X 2 = 1 indicates that these reality conditions describe Euclidean AdS 5 (the hyperbolic space H 5 ).
To obtain Lorentzian AdS 5 a different reality condition is required. Instead of the quaternionic conjugation, one can take ordinary complex conjugation which exchanges the spinor representations:
The reality condition on X AB is then
This real slice results in the flat metric on R 2,4 , and thus Lorentzian AdS 5 as the hyperboloid.
The twistor space of AdS 5
It is an interesting fact that the twistor space of AdS 5 is the same geometric space as the projective ambitwistor space of the complexified, four-dimensional conformal boundary. In any number of dimensions, the projective ambitwistor space of a Riemannian manifold M R is the space of complex null geodesics in the complexified manifold M [24] [25] [26] [27] . In the case that M R = S 4 this ambitwistor space can be written as a quadric in CP 3 × CP 3 :
where Z A , W B are homogeneous coordinates on the two (dual) copies of CP 3 , each with its own scaling freedom. The ambitwistor correspondence relates a point in M to a CP 1 × (CP 1 ) * ⊂ Q, which can be thought of as the complexified sphere of null directions through that point.
The quadric Q also serves as the twistor space of (complexified) AdS 5 . 1 The usual twistor correspondence relates a space-time point to an extended geometric object in twistor space, with the intersection theory of these objects encoding the conformal structure of the space-time. To formulate this correspondence, we relate AdS 5 to Q by the incidence relations:
where X AB describes a point in AdS 5 . It is easy to see that for a fixed (up to scale) X, (2.10) defines a CP
each of which corresponds to an intersection of CP
Generically, these two lines do not themselves intersect because Y AB is non-degenerate. However, when
these two solutions degenerate into a single CP
between two points in AdS 5 satisfies A null structure on a (complexified) Lorentzian manifold determines the metric up to a conformal factor. The null structure given by this degeneracy condition is a canonical choice, so we recover the AdS 5 metric (2.1) up to the conformal factor. This factor is fixed by making the canonical choice of holomorphic volume form on the CP 3 X corresponding to a space-time point:
which sets the overall conformal factor in (2.1) to unity.
What happens in twistor space if X AB corresponds to a point on the conformal boundary? This means that X 2 = 0 so X AB has a non-trivial kernel and the incidence relations (2.10) become degenerate. In particular, since Z A are homogeneous coordinates on CP 3 , they cannot all be simultaneously zero -but there are now solutions of X AB W B = 0. The space of such solutions has complex projective dimension one, as does the image of X AB bdry when viewed as a linear map on (CP 3 ) * . So for a boundary point X bdry the degenerate incidence relations are replaced by the linear map
are the kernel and image of the linear map, respectively. In fact, boundary points X bdry are in one-to-one correspondence with sets CP
X ) * determines both the kernel and image of X AB bdry , and any antisymmetric 4 × 4 matrix is fixed by these up to an overall scale. This scale is irrelevant because X AB describes a point in the projective space CP 5 . More generally, any
3 ) * can be specified by two points on the conformal boundary x αα , y αα as in (2.5). The condition that this subset lies inside Q, namely that Z · W = 0 imposes the constraint x αα = y αα . Hence, the two lines CP This establishes the geometry of twistor space for both the bulk and boundary of AdS 5 . A point in the bulk corresponds to a CP 3 inside Q; for boundary points this correspondence Figure 3 . The totally null set of points in spacetime CP 5 corresponding to a twistor point (Z, W )
for two different choices of B. We view B as fixed and vary A, tracing out a three-dimensional space of solutions. Changing B alters the parametrization of this solution space, but not the set itself.
degenerates to give the standard ambitwistor relation between a point on the boundary and a
It is equally natural to ask for the twistor correspondence in the other direction: what does a point in twistor space correspond to in space-time? Given fixed (Z, W ) ∈ Q, we want to know which space-time points X satisfy the incidence relations
The solution set consists of points of the form
where A C is an arbitrary parameter and B B is an arbitrary twistor with B · W = 0. Transformations of the form A → A + αW leave X invariant so the space of solutions is three-dimensional. Making a different choice of B can be accommodated by a redefinition of A, so B contributes no further degrees of freedom. Moreover, any tangent vector to this set is a null vector of the form ABCD (δA) C W D , where δA is a displacement in the parameter A. Thus, a point in twistor space corresponds to a totally null three-plane in CP 5 and hence AdS 5 .
How can two such three-planes intersect? Let (Z, W ), (Z,W ) ∈ Q be distinct twistor points; the general projective solution to the simultaneous equations However, if Z ·W = 0 andZ · W = 0, then further solutions are possible. In this case, the general solution is 19) with α, β = 0. This gives a two-dimensional projective space of solutions, parametrized by homogeneous coordinates (α, β, γ). Note that the conditions Z ·W = 0 andZ · W = 0 mean that (Z, W ) and (Z,W ) lie inside CP
This point is in the closure of the two-dimensional intersection of their three-planes (2.19) but not in the solution space itself, since it requires (α, β, γ) = (0, 0, 1). 2 
The Penrose transform
A basic property of twistor theory in any number of dimensions is its ability to encode fields living on space-time in terms of geometric data on twistor space. In four space-time 2 It is interesting to contrast this against the situation for the twistor space of C 6 . There twistor points define totally null 3-planes which do not intersect generically, and only intersect in a line if their twistor points obey a nullity relation akin to Z ·W +Z · W = 0 [31] .
dimensions the basic tool in this regard is the Penrose transform, relating solutions of the zero-rest-mass equations to certain cohomology classes on twistor space [1, 2] . It is less widely known that the Penrose transform extends to any number of space-time dimensions, where cohomology of the corresponding twistor space encodes solutions to certain equations on space-time [32] . We want to describe fields on AdS 5 in terms of some geometric data on the twistor space Q. Simple examples of such fields are massive scalars or spinors, which obey field equations
for the scalar, and
for the spinor. The parameter ∆ controls the asymptotic behaviour of the fields near the AdS boundary, and is also the conformal dimension of the local operator in the boundary CFT 4 [19] .
Scalars: Direct and indirect transform
Functions of specific homogeneity in Z and W form a natural set of line bundles on Q. In particular, denote the line bundle of holomorphic functions scaling as
by O(m, n) → Q. The line bundles O(m, n) can be tensored with other bundles over Q to form weighted bundles of geometric objects with the specified scaling properties. 
X which is homogeneous of degree −∆ in X and −4 in
Clearly, Φ is homogeneous of degree zero in X (i.e., X · ∂Φ = 0), and hence a well-defined scalar field on AdS 5 rather than a section of some line bundle over CP 5 . Further, it is an easy consequence of the incidence relations that Φ obeys
if and only if f is holomorphic,∂f = 0. Since any f which is∂-exact integrates to zero, we see that Φ(X) is determined by the cohomology class [f ] ∈ H 0,3 (Q, O(−∆, ∆ − 4)) on twistor space. A straightforward calculation reveals that
Thus, any f which is a cohomology class defines a solution to the scalar equation of motion with appropriate scaling dimension ∆ via the integral construction (3.4). An argument in homological algebra can be used to show that in fact every massive scalar on AdS 5 -subject to suitable analyticity conditions -can be represented in this way [20, 32] . We refer to this correspondence as the direct Penrose transform:
the isomorphism being realized from left to right by the integral formula (3.4).
Unlike in four-dimensions, the Penrose transform in d > 4 is not unique. For AdS 5 , this non-uniqueness takes two different forms. The first of these is rather trivial, following from the fact that for bulk points X, the incidence relations can be inverted:
These inverted relations associate a 'dual' CP 3 to X which is now parametrized by Z rather than W ; we denote this dual by (CP 3 X ) * . Interchanging homogeneities of Z and W for a cohomology class then gives an alternative representation for any scalar of scaling dimension ∆ via
More non-trivial is the indirect Penrose transform, which describes AdS scalars by elements of an entirely different cohomology group:
The existence of this alternative description for a scalar Φ is related to a certain obstruction problem in twistor space [22, 23, 32] . In particular, allowing g to extend off the quadric
where f takes values in H 0,3 (Q, O(−∆, ∆ − 4)). Equation (3.9) can be used to produce an integral formula for Φ in terms of g (this is adapted from a similar argument for the indirect transform for flat 6-dimensional spacetime [22] ). Extending off the quadric is accomplished at the level of the incidence relations by imposing
for some 'small' δW B and then considering the limit as δW B → 0. The space-time scalar is then defined in terms of g by:
Note that 'dual' representatives for the indirect Penrose transform are also constructed using the inverted incidence relations (3.6); this amounts to describing Φ byg ∈ H 0,2 (Q, O(∆− 3, 1 − ∆)) in the obvious way.
Spinors: direct and indirect transform
A generic eight-component spinor field on AdS 5 can be separated into a chiral and antichiral parts, taking values in S A or S A , respectively. Without loss of generality, consider those components with a downstairs spinor index, of the form Ψ A (X). The equation of motion for a chiral spinor in the projective description of AdS 5 is:
where the relation |m| = ∆ − 2 has been used. This equation is further simplified upon noting that the Dirac operator acts as 
where again ψ| X denotes that the incidence relations have been imposed. It is straightforward to show that the equation of motion (3.13) holds for Ψ A if and only if∂ψ = 0. Once more, a homological argument demonstrates that every chiral, massive spinor on AdS 5 can be represented by (3.14) for some choice of ψ in the relevant cohomology [20, 32] . This gives the direct Penrose transform for spinors:
The integral formula (3.14) realizes this isomorphism from the left to the right.
Just like in the case of the scalar, there is an indirect version of the Penrose transform for spinors, given by
The existence of an indirect transform is again related to an obstruction problem in twistor space [22, 32] , with any indirect representative χ related to a direct representative ψ bȳ
Using this, an integral formula for the indirect transform is given by extending off the quadric in a similar fashion to the scalar:
.
(3.18)
Note that there are 'dual' versions of both the direct and indirect transform; both are given by swapping the weights of Z and W , corresponding to the inverse incidence relations (3.6).
Free theory, Bulk-to-boundary propagators & 2-point functions
In applications of twistor theory to Minkowski space, the Penrose transform can be used to encode physically relevant external states in terms of twistor data. A basic example relevant for scattering amplitude calculations is a momentum eigenstate: an on-shell space-time field modelled on e ik·x is encoded in terms of certain distributional cohomology classes on twistor space [22, 33] . In AdS, the S-matrix is replaced by correlation functions of specified boundary data for the space-time fields [18, 19] . In this setup the appropriate external states are bulk-to-boundary propagators that propagate the boundary data into the AdS bulk. Computing the tree-level n-point correlation functions in the bulk boils down to extracting that piece of the classical generating functional which is multilinear in these external states on the AdS background. In this section, we demonstrate that the most basic part of this AdS/CFT dictionary can be translated to twistor space by giving explicit representatives for scalar and spinor bulk-to-boundary propagators. The two-point functions for these fields are then derived in a purely twistorial manner by writing the free bulk theory in twistor variables.
Scalars
Holomorphic, first-order action functionals present a natural candidate for describing free theories on twistor space. For direct representatives, such an action is simply:
where the top-degree holomorphic form on Q is written as
with the holomorphic delta functionδ(Z · W ) equivalent to a contour integral localizing the measure to the quadric Z · W = 0 inside CP 3 × CP 3 . This measure is a (5, 0)-form on
This action is a functional of f ∈ Ω 0,3 (Q, O(−∆, ∆ − 4)) and h ∈ Ω 0,1 (Q, O(∆ − 3, 1 − ∆)) and its field equations are simply∂ f = 0 =∂h , imposing that f and h are cohomology classes on-shell. By (3.5), it follows that∂f = 0 corresponds to the equation of motion 2 AdS Φ = ∆(∆ − 4)Φ for a scalar field. The second field equation,∂h = 0, is actually non-dynamical on space-time, as the cohomology group H 0,1 (Q, O(∆ − 3, 1 − ∆)) is empty [20, 32] . Hence, h is just a Lagrange multiplier and solutions to the field equations are in one-to-one correspondence with solutions to the massive scalar equation of motion on AdS 5 .
It is easy to see that the action (4.1) is not suitable for computing any observables in the bulk theory, though. Indeed, the action vanishes when evaluated on solutions to the equations of motion, whereas the appropriate space-time action is equal to a boundary term when evaluated on extrema. So although (4.1) gives the correct equations of motion, it is not equivalent to the free space-time action. This is analogous to the difference between space-time actions with kinetic terms ∂Φ · ∂Φ and Φ2Φ: they have the same equations of motion, although the former is equal to a boundary term on-shell whereas the latter vanishes.
To write a twistor action with non-vanishing extrema, the variational problem must involve an indirect representative g ∈ Ω 0,2 (Q, O(1−∆, ∆−3)) and its dualg ∈ Ω 0,2 (Q, O(∆− 3, 1 − ∆)) coupled to fixed 'sources' in the twistor space. For a given ∆ these sources are specified by a cohomology class f ∈ H 0,3 (Q, O(−∆, ∆−4)) and its dualf ∈ H 0,3 (Q, O(∆− 4, −∆)) which are not part of the variational problem. The action is:
is the (0, 1)-distribution which acts like a derivative of a delta function. Since f,f themselves constitute direct Penrose transform representatives, this is not the usual picture one has for physical sources. Instead, one should view f,f as arising from an auxiliary variational problem, akin to the action (4.1).
The equations of motion arising from (4.2) arē
which are precisely the correct on-shell conditions (3.9) for indirect Penrose transform representatives. This refined action is non-vanishing when evaluated on solutions to these equations of motion:
So although (4.2) requires the addition of source terms, it leads to sensible equations of motion and is non-zero when evaluated on extrema, making it a good candidate for computing AdS 5 observables in twistor space. The two-point function should be given by (4.4), where g,g are chosen to represent the external states: bulk-to-boundary propagators.
For a massive scalar on AdS 5 , the bulk-to-boundary propagator K ∆ is a solution to the equation of motion which becomes proportional to a delta function on the boundary. In Poincaré coordinates, these conditions read:
It is easy to confirm (by going to the Poincaré parametrization, for instance) that this expression is equal to (4.5). Thus, (4.6) is a direct transform representative for the scalar bulk-to-boundary propagator.
An indirect representative for the bulk-to-boundary propagator is given by
where A(s) = A + sB parametrizes a point on the projective line spanned by A ∧ B in CP 3 .
The integral over the parameter s reduces the distributional form degree of g to (0, 2), and it is easy to show that (4.8) is homogeneous of degree 1 − ∆ in Z and ∆ − 3 in W . Note that g is not obviously∂-closed, as 9) whereδ (∆−2) (Z · A) is a (0, 1)-distribution acting like the (∆ − 2) th -derivative of a deltafunction:
However, by integrating (4.9) against test functions it can be shown that∂g ∆ = 0 as a distribution on Q and that furthermore∂g ∆ = (Z · W )f when extended off the quadric in accordance with (3.9) . This representative can be evaluated to a space-time field using the integral formula (3.11):
which is again the correct bulk-to-boundary propagator.
In space-time, evaluating the quadratic action on bulk-to-boundary propagators gives the AdS two-point function, equal to the two-point function of local operators of conformal dimension ∆ in a CFT living on the boundary. This calculation was one of the first tests of the AdS/CFT correspondence [18, 19] , and consequently gives a important check for the twistor formalism. On-shell, the free twistor action reduces to (4.4), now evaluated on
withg ∆ , g ∆ of the form (4.8) and distinct boundary points. The D 3 Z and D 3 W integrals in this pairing can be evaluated straightforwardly to give:
where
, A(s) = A + sB, and C(t) = C + tD. Note that the expression is projectively well-defined only if the two scaling dimensions are equal, so we set ∆ = ∆ .
The scaling and distributional properties of the remaining portions of the integrand also the s and t integrals to be performed in a basically algebraic manner. It is straightforward to show that (4.10) is equal to
This is precisely the desired form of the 2-point function for massive scalars in AdS 5 . Written more compactly, 12) where y 1 , y 2 ∈ S 4 lie on the boundary. As expected, this is the two-point function O ∆ (y 1 ) O ∆ (y 2 ) of local operators in any four-dimensional CFT.
In the larger context of AdS/CFT the bulk partition function of a scalar field with boundary value φ is equivalent to a generating functional,
where O ∆ is a local operator in the dual CFT of conformal dimension ∆. The calculation of (4.12) demonstrates that the quadratic portion of this functional can be obtained from the twistor space of the AdS 5 bulk. It is interesting to note that (at least in some circumstances) there is also a way to express the generating functional in the twistor space of the boundary. As a concrete example, consider chiral primary operators of N = 4 super-Yang-Mills (SYM) in four-dimensions. The simplest of these is the 1/2-BPS operator taking values in the [0, 2, 0] representation of SU(4), which can be extended supersymmetrically to the (chiral part of the) stress tensor multiplet (c.f., [34] ). Using the twistor reformulation of N = 4 SYM [33, 35] , this operator can be written succinctly as [14] : 13) where A is the N = 4 SYM field multiplet written in the twistor space of S 4 . The operator (∂ + A)| Y is simply a gauge-covariant derivative operator in this twistor space, restricted to a line Y = A ∧ B inside CP 3 . In the AdS/CFT dictionary, this operator is dual to a scalar field Φ ijkl in AdS 5 of scaling dimension ∆ = 2 corresponding to metric components of type IIB supergravity compactified on S 5 [36, 37] . The pairing between boundary data for the bulk scalar and the local operator can then be written in a manifestly covariant form as
In principle, the expectation value of this generating functional can be computed on the boundary in a purely twistorial fashion using the N = 4 SYM twistor action. The pairing (4.14) can be modified to accommodate more general composite local operators of N = 4 SYM, which themselves can also be written in twistor space [15, 16] .
Spinors
In contrast to the scalar, the standard space-time action for a free AdS spinor of mass m vanishes on-shell. To obtain non-trivial two-point functions, a boundary term which respects the AdS isometries and does not alter equations of motion must be added to the action [38] . In twistor space, the free action is given by generalizing that of the scalar:
15) where the variational problem involves the off-shell fields χ ∈ Ω 0,2 (Q, O(
2 )) are treated as fixed 'sources.' The equations of motion are easily seen to coincide with (3.17) for indirect representatives:
and the action evaluated on extrema is non-vanishing:
As in the case of the scalar, the on-shell sources ψ,ψ should be viewed as arising from a separate variational problem.
Bulk-to-boundary propagators for spinor fields with scaling dimension ∆ are given in twistor space by modifying those used for the scalar. In particular, a spinor bulk-toboundary propagator is a solution to the free equation of motion, K • ∆ A (r, x; y), where • stands for a boundary Weyl spinor index (i.e., a dotted or un-dotted SL(2, C) index). The boundary spinor structure is encoded in twistor space by using the boundary infinity twistor (2.6) or I AB = is the boundary point. This expression can be made equal to the standard formula for the spinor bulk-to-boundary propagator [38, 39] after performing normalized gamma matrix contractions. An un-dotted boundary spinor index is given by taking the dual of (4.18) and replacing I AB with I AB in direct analogy to the scalar case. An indirect representative for the bulk-to-boundary propagator is given by: as desired.
To compute the two-point function in twistor space, the on-shell action (4.17) is evaluated on bulk-to-boundary representatives. It is straightforward to see that the result is only non-vanishing if one of the representatives has a dotted boundary index and the other has an un-dotted boundary index. Since these representatives contain two terms each, the total integrand of (4.17) will have four terms. One of these is given by [43, 44] , with the aim of finding compact expressions for tree-level bulk correlators, but it is not yet clear how to encode the external states in a useful way. We hope that the study of twistor theory and bulk observables in AdS 5 may clarify these issues in the AdS 4 setting.
Our further hope is that the results of this paper, in particular the dual role of Q as both the twistor space of AdS 5 and the ambitwistor space of the boundary, can be used to shed light on the AdS/CFT correspondence from a twistor perspective. However, much work remains to be done. The construction of a non-linear theory on Q describing AdS supergravity remains a challenging problem.
